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We analyze KL lepton pair decays of KL→l1l2g and KL→l1l2l81l82(l , l85e , m) within the framework
of the light-front QCD approach ~LFQA!. With the KL→g*g* form factors evaluated in a model with the
LFQA, we calculate the decay branching ratios and find that our results are all consistent with the experimental
data. In addition, we study KL→l1l2 decays. We point out that our prediction for KL→e1e2 is about 20%
smaller than that in chiral perturbation theory. We also discuss whether one could extract the short-distance
physics from KL→m1m2.
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The study of kaon decays has played a pivotal role in
formulating the standard model of electroweak interactions
@1#. In particular, the rare decay of KL→m1m2 was used to
constrain the flavor changing neutral current @2# as well as
the top quark mass @3#. However, there are ambiguities in
extracting the short-distance contribution since the long-
distance contribution dominated by the two-photon interme-
diate state is not well known because its dispersive part can-
not be calculated in a reliable way @4–7#. To have a better
understanding of this dispersive part, it is important to study
the lepton pair decays of the KL meson such as KL
→l1l2g and l1l2l1l2 (l5e ,m) since they can provide us
with information on the structure of the KL→g*g* vertex
@4–7#. On the other hand, since these lepton pair decays are
dominated by long-distance physics, they can also serve as a
testing ground for theoretical techniques such as the chiral
Lagrangian or other nonperturbative methods that seek to
account for the low-energy behavior of QCD.
Recently, several new measurements of the decay branch-
ing ratios of KL→m1m2g ,KL→e1e2e1e2, and KL
→e1e2m1m2 have been reported @8–11#. These decays
proceed entirely through the Kg*g* vertex and provide the
best opportunity for the study of its form factor. In Ref. @12#,
since the assumption of neglecting the momentum depen-
dence for the form factor was adopted, the results for the
decays are only valid for those with only the electron-
positron pair. In Ref. @13#, the decays were studied at the
order p6 in chiral perturbation theory ~ChPT!. However, all
the results in Ref. @13# are smaller than the current experi-
mental values. In this work, we consider another nonpertur-
bative method in the light-front QCD approach ~LFQA! to
analyze the Kg*g* form factor. As is well known @14#, the
LFQA allows an exact separation in momentum space be-
tween the center-of-mass motion and intrinsic wave func-
tions. A consistent treatment of quark spins and the center-
of-mass motion can also be carried out. It has been
successfully applied to calculate various form factors @15–
18#.
The paper is organized as follows. In Sec. II, we derive
the theoretical formalism for the decay constant and the
Kg*g* vertex and use these formalisms in the LFQA to0556-2821/2002/66~3!/034005~7!/$20.00 66 0340extract the decay constant and the form factor. In Sec. III, we
fix the parameters appearing in the wave functions and cal-
culate the form factors and branching ratios. Finally, conclu-
sions are given in Sec. IV.
II. FRAMEWORK
We start with the K meson decay constant f K , defined by
^0uAmuK~P !&5i f KPm, ~2.1!
where Am5u¯gmg5s is the axial vector current. We assume a
constant vertex function LK @16,19# which is related to the
us¯ bound state of the kaon. Then the quark-meson diagram,
depicted in Fig. 1~a!, yields
^0uAmuK~P !&52ANcE d4p1~2p!4 LK
3TrFg5 i~p 21ms!p222ms21ie gmg5 i~p 11mu!p122mu21ieG ,
~2.2!
where mu ,s are the masses of the u and s quarks, respectively,
and Nc is the number of colors. We consider the poles in the
denominators in terms of the LF coordinates (p2,p1,p’)
and perform the integration over the LF ‘‘energy’’ p1
2 in Eq.
~2.6!. The result is
FIG. 1. Feynman diagrams for the meson ~a! decay constant and
~b! normalization.©2002 The American Physical Society05-1
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FIG. 2. Feynman triangle diagrams with ~a! and ~b! correspond-
ing to the LF valence configuration. Empty circles indicate LF wave
functions.1 2
03400where
@d3p1#5
dp1
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2~2p!3 , pion
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mi
21pi’
2
pi
1 ,
I1
m5Tr@g5~p 21ms!gmg5~p 11mu!# .
~2.4!
For KL→g*g*, with the assumption of CP conservation the
amplitude is given by
AKL→g*~q1 ,e1!g*~q2 ,e2!
5iF~q1
2
,q2
2!«mnrse1
me2
nq1
rq2
s
, ~2.5!
where the form factor of F(q12 ,q22) in Eq. ~2.5! is a symmet-
ric function under the interchange of q1
2 and q2
2
. In our
model, by using the same procedure as above, from the
quark-meson diagram depicted in Fig. 2 we getA~KL→g* g*!52E d4p1~2p!4 LKLH TrFg5 i~p 31ms!p322ms21ie e 2 i~p 21ms!p222ms21ie CW~q12!e 1 i~p 11md!p122md21ie 1~d↔s !G1~e1↔e2!J ,
~2.6!
where p25p12q1 ,p35p12P , and CW is the effective contribution to the inclusive s→dg* decay. After integrating over p12 ,
we obtain
A~KL→g* g*!5H F E0q1@d3p1#)
i51
3
pi
1
LKL
P22p1on
2 2p3on
2 ~I2up125p1on2 !
CW~q1
2!
q1
22p1on
2 2p2on
2
1E
q1
P @d3p1#
)
i51
3
pi
1
LKL
P22p1on
2 2p3on
2 ~I2up325p3on2 !
CW~q1
2!
q2
22p2on
2 2p3on
2 1~d↔s !G1~e1↔e2!J , ~2.7!where q2
25P22q1
2 and
I25Tr@g5~p 31ms!e 2~p 21ms!e 1~p 11md!# . ~2.8!
We note that we do not expect that the absolute decay widths
of KL→l1l2g and KL→gg calculated from Eq. ~2.7! can fit
the experimental values @20#. However, we can estimate the
relative form factors of these leptonic decays versus the two-
photon decay, and compare the branching ratios with the
experimental ones. Recent work on both short-distance ~SD!
and long-distance ~LD! contributions to s→dg* can be
found in Ref. @21#.
As described in Ref. @22#, the vertex function LKL and the
denominators in Eq. ~2.7! correspond to the KL meson bound
state. In the LFQA, the internal structure of the meson bound
state @17,18,23# consists of f , which describes the momen-
tum distribution of the constituents in the bound state, and
Rl ,l
S ,Sz
, which creates a state of definite spin (S ,Sz) out of LFhelicity (l1 ,l2) eigenstates and is related to the Melosh
transformation @24#. A convenient approach relating these
two parts is shown in Ref. @22#. The interaction Hamiltonian
is assumed to be HI5i*d3xC¯ g5CF where C is the quark
field and F is the meson field containing f and Rl1 ,l2
S ,Sz
.
When considering the normalization of the meson state de-
picted in Fig. 1~b! in the LFQA, we obtain
^M ~P8,S8,Sz8!uHIHIuM ~P ,S ,Sz!&
52~2p!3d3~P82P !dSS8dSzSz8
3E @d3p1#f2Rl1 ,l2S ,Sz Rl1 ,l2S8,Sz8
3TrFg52p 21m2p21 g5 p 11m1p11 G . ~2.9!5-2
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bution function f as @17#
^M ~P8,S8,Sz8!uHIHIuM ~P ,S ,Sz!&
52~2p!3P1d3~P82P !dSS8dSzSz8, ~2.10!
and
E d3p12~2p!3 1P1 ufu251, ~2.11!
respectively, where p1 and p2 are the on-mass-shell mo-
menta, we have that
Rl1 ,l2
S ,Sz 5
Ap11p21
2Ap1onp2on1m1m2
. ~2.12!
The wave function and the Melosh transformation of the
meson are related to the bound state vertex function LM by03400LM
P22p1on
2 2p2on
2 →Rl1 ,l2
S ,Sz fM . ~2.13!
We note that p1 ,p2, and p3 in the trace of I1,2 must be on the
mass shell for self-consistency. After taking the ‘‘good’’
component m51 , we use the definitions of the LF momen-
tum variables (x ,x8,k’ ,k’8 ) @18# and take a Lorentz frame
where P’5P’8 50 to have q’50 and k’8 5k’ . The decay
constant f K and the form factor F(q12 ,q22) can be extracted
by comparing these results with Eqs. ~2.1! and ~2.5!, respec-
tively: i.e.,
f K52A2ANcE dx d2k’2~2p!3
fKL~x ,k’!
Aa21k’2
a , ~2.14!
andF~q1
2
,q2
2!5E d2k’2~2p!3H CW~q12!F E0r1dx fKL~x ,k’!Aa21k’2 a@r1 /~r12x !#ms21k’2
~x/r1!
1
ms
21k’
2
12~x/r1!
2q2
2
1E
r1
1
dx
fKL~x ,k’!
Aa21k’2
a@~12r1!/~x2r1!#
md
21k’
2
~12x !/~12r1!
1
ms
21k’
2
~x2r1!/~12r1!
2q1
2
1~d↔s !G1~q1↔q2 ;r1↔12r2!J ,
~2.15!where
a5mu ,dx1ms~12x !, mu5md ,
r65
1
2M KL
2 @M KL
2 1q1
22q2
2
6A~M KL
2 1q1
22q2
2!224M KL
2 q1
2# , ~2.16!
and x is the momentum fraction carried by the spectator an-
tiquark in the initial state.
In principle, the momentum distribution amplitude
f(x ,k’) can be obtained by solving the LF QCD bound state
equation @25#. However, before such first-principle solutions
are available, we shall have to use phenomenological ampli-
tudes. One momentum distribution function that has often
been used in the literature for mesons is the Gaussian type,
f~x ,k’!G5NAdkzdx expS 2 kW 22v2D , ~2.17!where N54(p/v2)3/4 and kz is of the internal momentum
kW5(kW’ ,kz), defined through
12x5
e12kz
e11e2
, x5
e21kz
e11e2
, ~2.18!
with ei5Ami21kW 2. We then have
M 05e11e2 , kz5
xM 0
2 2
m2
21k’
2
2xM 0
, ~2.19!
and
dkz
dx 5
e1e2
x~12x !M 0
, ~2.20!
which is the Jacobian of the transformation from (x ,k’) to kW .
III. NUMERICAL RESULTS
To examine numerically the form factor derived in Eq.
~2.15!, we need to specify the parameters appearing in
fM(x ,k’). To fit the meson masses, in Ref. @26# mu5-3
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with some interaction potentials, while in Ref. @27# mu
50.25 GeV and ms50.37 GeV in the invariant meson
mass scheme. Here we do not consider any potential form
and scheme and just use the decay constant f K
5159.8 MeV @28#, charge radius ^r2&K50.34 fm2 @29#,
and quark masses of mu ,d to constrain the s quark mass of ms
and the scale parameter of v in Eq. ~2.17!. By using mu
5md5250 MeV @18#, we find that ms5400 MeV and v
50.38 GeV. We note that the lower mass of ms should not
affect the meson masses once we choose a suitable potential
@26# or scheme @27#. Now, we use the momentum distribu-
tion functions f(x ,k’)G to calculate the form factors
F(q12 ,q22) in the timelike region of 0<q12 and q22<M K2
.0.25 GeV2. In this low energy region, we neglect the mo-
mentum dependence of the effective vertex CW(q2) in Eq.
~2.15!, that is,
CW~q2!.CW~0 !. ~3.1!
We can use Eqs. ~2.15! and ~3.1! to get the function f (y)
[F(q12,0)/F(0,0), where y[q12/M K2 , and the result for
u f (y)u2 is shown in Fig. 3. From the figure, we see that our
result with the assumption of Eq. ~3.1! agrees well with ex-
perimental data @30–32#, especially in the lower y region. To
get a better fit for a larger y, we may use
CW~q2!.
CW~0 !
~12q2/mc
2!n
. ~3.2!
As seen from Fig. 3, we find that the fit for n(,8) is better
than that for n21. In particular, a larger value of n is pre-
ferred if we disregard the data from E845 at BNL @31# in Fig.
3. The experimental result for KL→m1m2g from NA48 at
CERN, which is currently being analyzed @33#, should help
FIG. 3. The y-dependent behavior of u f (y)u2, where the lines
from bottom to top corresponding to n50,1, . . . ,10 are obtained in
this work with f K5159.8 MeV and ms5400 MeV and the experi-
mental data are taken from E799 at Fermilab @30#, E845 at BNL
@31#, and NA31 at CERN @32#, respectively.03400to resolve this matter. To illustrate our results for the lepton
pair decays, we shall take n50 and 3, referred to as ~I! and
~II!, respectively.
The function of f (y) is related to the differential decay
rate of KL
0→l1l2g by
dB l1l2g
dq1
2 [
d G~KL→l1l2 g!
G~KL→gg! dq12
5
2
q1
2 S a3p D u f ~y !u2 l3/2S 1, q12M KL2 ,0D Gl~q12!,
~3.3!
where
l~a ,b ,c !5a21b21c222~ab1bc1ca ! ~3.4!
and
Gl~q2!5S 12 4 M l2q2 D
1/2S 11 2 M l2q2 D . ~3.5!
Integrating over q1
2 in Eq. ~3.3!, we get the branching ratios
B e1e2g[
G~KL
0→e1e2g!
G~KL
0→gg! 51.64, 1.65310
22
,
B m1m2g[
G~KL
0→m1m2g!
G~KL
0→gg! 55.50, 6.20310
24
,
~3.6!
for ~I! and ~II!, respectively. These values agree well with the
experimental data: B
e1e2g
expt
5(1.6960.13)31022 @28# and
B m1m2gexpt 5(6.1160.31)31024 @8#, where we have used @34#
Gexpt~KL
0→gg!5@~5.9260.15!31024#Gexpt~KL0→all!.
~3.7!
On the other hand, our results are larger than B e1e2g
51.5931022 and B m1m2g54.0931024, respectively, ob-
tained in Ref. @12#, where the momentum dependence of the
form factor was neglected, i.e., f (y)51. This inconsistency
is reasonable because the kinematic factor Gl(q2) which
leads the contribution at q2.4M l
2 is important, and the elec-
tron mass is very small so that f (y)51 is only valid for the
decay with an electron-positron pair. For the muonic pair
case, since the mass of the muon is not small, the effect of
the deviation of neglecting the momentum dependence is
evident. This situation also occurs in the decays with two
lepton pairs.
Next, Eq. ~2.15! can also be used to calculate the differ-
ential decay rates of KL→l1l2l81l82 by5-4
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Br PDG @28# new data ~I! ~II! Ref. @12# Ref. @13#
1023B e1e2g 1.6960.09 1.64 1.65 1.59 1.6060.15
1043B m1m2g 5.4960.49 6.1160.31 @8# 5.50 6.20 4.09 4.0160.57
1053B e1e1e2e2 6.9360.20 6.2860.65 @9# 6.61 6.74 5.89 6.50
6.2060.69 @10#
1063B m1m2e1e2 4.924.0111.3 4.4360.84 @11# 3.87 4.37 1.42 2.2060.25
1093B m1m2m1m2 1.50 1.73 0.946 1.3060.15d G~KL→l1l2l81l82!
G~KL→gg! dq12 dq22
5
2
q1
2q2
2 S a3p D
2UF~q12 ,q22!F~0,0! U
2
l3/2S 1, q12M KL2 , q2
2
M KL
2 D
3Gl~q1
2! Gl8~q2
2!. ~3.8!
After the integrations over q1
2 and q2
2
, for ~I! and ~II! we
obtain the branching ratios as follows:
B e1e2e1e2[
G~KL
0→e1e2e1e2!
G~KL
0→gg!
56.61, 6.7431025,
B m1m2e1e2[
G~KL
0→m1m2e1e2!
G~KL
0→gg!
53.87, 4.3731026,
B m1m2m1m2[
G~KL
0→m1m2m1m2!
G~KL
0→gg!
51.50, 1.7331029. ~3.9!
In Table I, we summarize the experimental and theoretical
values of the decay branching ratios for the KL lepton pair
modes. The results of Ref. @12# correspond to a pointlike
form factor, while those in Ref. @13# are calculated at O(p6)
in ChPT.
From Table I, we may also combine the experimental values
by assuming that they are uncorrelated and we find that
BKL→m1m2g
expt
5~5.9360.26!31024,
BKL→e1e2e1e2
expt
5~6.8360.19!31025,
BKL→m1m2e1e2
expt
5~4.4420.82
10.84!31026. ~3.10!
It is interesting to see that our results for KL→l1l2g are
larger than those in Refs. @12,13# and agree very well with
the experimental data. Furthermore, as shown in Eq. ~3.9!,
those for KL→e1e2e1e2 and KL→m1m2e1e2 also agree
with the combined experimental values in Eq. ~3.10!. Here,
we do not consider the interference effect @12,13# from the
identical leptons in the final state. The reasons are as follows.03400When we use the nonpointlike form factor, this effect is
about 0.5% in the e1e2e1e2 mode @13#, which is beyond
experimental access. For the m1m2m1m2 mode, the rela-
tive size of the interference effect is larger, but it is outside
the scope of future experiments because the total branching
ratio is predicted to be about 8310213.
We now use the form factor F(q12 ,q22) to calculate the
decays of KL→l1l2. The decay branching ratios of the
modes can be generally decomposed in the following way:
B l1l2[
G~KL→l1l2!
G~KL→gg! 5uIm A lu
21uRe A lu2,
~3.11!
where Im Al denotes the absorptive contribution and Re Al
the dispersive one. The former can be determined in a
model-independent form of
uIm A lu25
a2M l
2
2 M KL
2 b l
F ln12b l11b lG
2
, ~3.12!
where b l
2[124M l
2/M KL
2
. The latter, however, can be re-
written as the sum of SD and LD contributions,
Re Al5Re Al SD1Re Al LD . ~3.13!
In the standard model, the SD part has been identified as the
weak contribution represented by one-loop W-box and
Z-exchange diagrams @3,35,36#, while the LD one is related
to F(q12 ,q22) by
uRe Al LDu25
2a2M l
2b l
p2M KL
2 uRe Rl~M KL
2 !u2, ~3.14!
where @37#
Rl~P2!5
2i
p2M K
2 E d4q @P2q22~Pq !2#q2 ~P2q !2 @~q2pl!22M l2#
3
F~q2,~P2q !2!
F~0,0! . ~3.15!
In general, a once-subtracted dispersion relation can be writ-
ten for Re R as @38#5-5
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P2
p E0
‘
dP82
Im Rl~P82!
~P822P2!P82
,
~3.16!
where Re Rl(0) can be obtained by applying Eq. ~2.15! in
the soft limit of P→0.
For the KL→e1e2 decay, with n50 and 3 of ~I! and ~II!
in Eq. ~3.2! we find that
uRe Ae LDu255.60, 6.5231029, ~3.17!
respectively. Since the SD part of Re Ae SD can be neglected,
we get
B
e1e2
I
51.0931028,
B
e1e2
II
51.1831028, ~3.18!
where we have used uIm A eu255.3231029. In terms of the
total decay branching ratio Be1e25G(KL→e1e2)/G(KL
→all), the numbers in Eq. ~3.18! are about 6.5 and 7.0
310212, respectively. Both results in Eq. ~3.18! are consis-
tent with the experimental value of B
e1e2
expt
5(1.520.711.0)
31028 measured by E871 at BNL @39#, but they are lower
than the value of (1.5260.09)31028 @Be1e25(9.060.5)
310212# given by the calculation in Ref. @5# with ChPT. It is
interesting to note that B e1e2 slowly increases with n and
reaches 1.2231028 for n510. Clearly, our prediction is
about 20% smaller than that in ChPT @5#.
For the KL→m1m2 decay, by subtracting the value of
uIm A mu251.2031025 from the experimental data of
B m1m2expt 5(1.2160.04)31025 @28,40#, we obtain that
uRe A mu2<7.231027 ~90% C.L.!. ~3.19!
In the standard model, we have that @7,41#
uRe Am SDu2BKL→gg50.931029~1.22r¯ !2
3F m¯ t~mt!170 GeVG
3.1F uVcbu0.040G
4
,
~3.20!
where r¯5r(12l2/2). Using the parameters m¯ t(mt)
5166 GeV,uVcbu50.041, and r¯.0.224 @36,42#, from Eqs.
~3.7! and ~3.20! we get
Re Am SD.21.2231023, ~3.21!
which is larger than the limit in Eq. ~3.19!. It is clear that the
value of Re Am LD has to be either very small for the same
sign as Re Am SD or of the same order but the opposite sign.
For the case of ~I!, from Eq. ~3.16! we find
Re A m LDI 521.1131023, ~3.22!
which is very close to the SD value in Eq. ~3.21! and clearly
ruled out if the absolute signs in Eqs. ~3.21! and ~3.22! are
the same. However, if the relative sign is opposite, the limit03400in Eq. ~3.19! can be satisfied for certain values of r . From
Eqs. ~3.20!, ~3.19!, and ~3.22!, by taking m¯ t(mt)
5166 GeV and uVcbu50.041, we extract that
r¯.20.37 or r.20.38 ~90% C.L.!. ~3.23!
We note that the limit in Eq. ~3.23! is close to that in Eq. ~41!
of Ref. @7#. This result is not surprising. If we fit F(q12 ,q22) in
Eq. ~2.15! with Eq. ~14! of Ref. @7# given by
f ~q12 ,q22!5
F~q1
2
,q2
2!
F~0,0!
511aS q12q122mr2 1 q2
2
q2
22mr
2D
1b
q1
2q2
2
~q1
22mr
2!~q2
22mr
2!
, ~3.24!
we find that a.20.585 and b.0.191 and thus
112a1b52.1631022.0, ~3.25!
which satisfies the bound of Eq. ~35! in Ref. @7#. Similarly,
for ~II! we obtain
Re A m LDII 521.3831024. ~3.26!
It is very interesting to see that the value in Eq. ~3.26! is
much smaller than Re AmSD in Eq. ~3.21!, which is exactly
the case discussed in Ref. @3#. From Eq. ~3.26!, with the
same parameters as ~I!, we find that
r¯.0.63,0.41 or r.0.65,0.42 ~90% C.L.!
~3.27!
for the same and opposite signs between Re AmSD and
Re A m LDII , respectively. We note that the limits in Eq. ~3.27!
do not agree with the recent global fitted value of r¯50.224
60.038 @36,42#, which may not be unexpected since ~i! we
have not included various possible ranges of m¯ t(mt),uVcbu,
and quark masses in the calculation and ~ii! we still need to
fix n in Eq. ~3.2! and modify the form of CW(q2) @43#. How-
ever, the important message here is that the LD dispersive
contribution in KL→m1m2 is calculable in the LFQA. From
our preliminary results, it seems that ReAmLD is indeed small
as anticipated many years ago in Ref. @3#. Moreover, our
approach here provides another useful tool for the decays in
addition to ChPT.
IV. CONCLUSIONS
In this work, we studied the KL lepton pair decays of
KL→l1l2g and KL→l1l2l81l82 in the light-front QCD
framework. In our calculations, we adopted a Gaussian-type
wave function and assumed the form of the effective vertex
CW(q2) in Eq. ~3.2! to account for the momentum depen-
dences in the low energy region. We calculated the relative
form factors of the leptonic decays vs the two-photon decay,
and showed that our results for the decay branching ratios of5-6
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perimental data. The remarkable agreements indicate that our
form for CW(q2) is quite reasonable, but the number of n
still needs to be fixed. Furthermore, all our predicted values
for these decays are larger than those in ChPT @12,13#, in
particular for the modes of m1m2g and m1m2e1e2 for
which the O(p6) ChPT results in Ref. @13# are ruled out by
the new experimental data @8,11#. On the other hand, for
KL→e1e2, we have found that B e1e2 is between 1.09 and
1.2231028 for n5(0,10), which are lower values than
(1.5260.09)31028 in ChPT @5#. For KL→m1m2, we dem-
onstrated that the long-distance dispersive contribution is
possibly small. However, to get a meaningful constraint on03400the Cabibbo-Kobayashi-Maskawa parameters, further theo-
retical studies @43# as well as more precise experimental data
such as those from NA48 at CERN @33# on the spectra of the
pair decays are needed. Finally, we remark that our approach
cannot calculate the absolute decay widths of KL→l1l2g
and KL→gg .
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